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Problem Description Problem 6.2-5 
Having G=<H,U> weighted graph with weight function w: H -> {0, 1, 2, ..., K-1} for some nonnegative integer K. Modify Dijkstra’s algorithm to compute the shortest paths from a given node s in O(K|U|+|H|) time.

Problem Analysis

Dijkstra‘s algorithm is very time demanding it need to perform: |U| times push to queue*, pop closest one from queue (which takes O(lg|U|) time), set node state to fresh* and then closed* (* marked operations are not considered to have impact on speed), it also needs to perform relaxation of an edge |H| times and each might cause reordering of a queue that can - considering standard implementation as binary heap - cost O(lg|U|). This yields total cost O(|U|lg|U|+|H|lg|U|)=O((|U|+|H|)lg|U|).
But having a weight function w as defined above, we can implement a priority queue in a different way. Under given conditions, all nodes can be sorted into (N+1) classes numbered 0 to N according to their actual distance N from start, and N+1th class will be used for fresh nodes with distance ∞.
Classes could be then implemented as an array of pointers (its number would be known before start - |U|∙K), where pointer will point to first element (fresh node) in it; each element will then point to next one in class.
Operation of finding closest neighbor will then need only to search maximally first K classes (since after relaxing, there will surely be closest neighbor or current node is a leaf) and take first element found. (+of course link nodes pointed from it directly to pointer)

Operation of relaxing will only need to pick node whose distance would need to be changed from one class and put it to another, since there is no need for ordering of elements in class,  this operation will require constant “1” time.
Thus time requirements of this algorithm will be |U| times pop - K plus |H| relax - 1 → this will yield desired time requirement O(K∙|U|+|H|).
Algorithm
Classical Dijkstra’s algorithm with modified init, queue.pop and relax functions. But these are more a question of specific language dependent implementation rather than algorithm itself.
function Init

create array of pointers_to_node class

fill all pointers of class by null


set all node.pointer_to_next to null


link 0th class to start node


chain all remaining nodes to (N+1)th  class

function Queue.pop (class_of_current_node)


for (cl=class_of_current_node) to (cl=class_of_current_node+K)



do



if (there is node in this cl) then




return node




set cl.pointer to node.pointer_to_next




exit form function


return node is leaf

function Relax (new_dist, tar_node)


set tar_node.pointer_to_next to

  class[new_dist].pointer. pointer_to_next


set class[new_distance].pointer to target_node
Example
Comments

This example was quite interesting, however I think that its object was more based in subject programming techniques which I’m going to take next semester rather than in current subject theoretical computer science.

